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Abstract 



A new formalism for the perturbative construction of algebraic quan- 
tum field theory is developed. The formalism allows the treatment of 
low dimensional theories and of non-polynomial interactions. We dis- 
cuss the connection between the Stiickelberg-Petermann renormaHzation 
group which describes the freedom in the perturbative construction with 
the Wilsonian idea of theories at different scales . In particular we relate 
the approach to renormalization in terms of Polchinski's Flow Equation to 
the Epstein-Glaser method. We also show that the renormalization group 
in the sense of Gell-Mann-Low (which characterizes the behaviour of the 
theory under the change of all scales) is a 1-parametric subfamily of the 
Stiickelberg-Petermann group and that this subfamily is in general only 
a cocycle. Since the algebraic structure of the Stiickelberg-Petermann 
group does not depend on global quantities, this group can be formulated 
in the (algebraic) adiabatic limit without meeting any infrared divergen- 
cies. In particular we derive an algebraic version of the Callan-Symanzik 
equation and define the /3-function in a state independent way. 
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1 Motivations and plan 

The locally covariant formulation of quantum field theory [7, 25] is based 
on the principle that the theory has to be built in terms of quantities that 
are uniquely determined by local properties of spacetime. This means in 
particular that concepts like vacuum states and particles should not enter 
the formulation of the theory. Instead these concepts are relevant in the 
interpretation of the theory under suitable circumstances. 

Historically, the main obstacle in performing a purely local construction 
was the important role the spectrum condition plays for finer properties 
of the theory, and it needed the insight of Radzikowski [35] that the local 
information of the spectrum condition can be formulated in terms of a con- 
dition on the wave front sets (microlocal spectrum condition, see also [6]). 
After this breakthrough, a thorough construction of renormalized perturba- 
tive quantum field theory on generic curved spacetimes could successfully be 
performed [5, 25, 26] in the framework of Algebraic Quantum Field Theory. 

Nevertheless, the theory obtained looks still somewhat remote from more 
standard formulations of quantum field theory as one may find them in 
typical text books, and one may ask how ideas like the Renormalization 
Group show up in the locally covariant framework. A first answer to this 
latter question was already given in [27] (for a more explicit formulation in 
Minkowski space see [16] and [17]), and an elaboration on this approach was 
the starting point of the present work. 

It turned out to be appropriate to revise the formulation in such a way 
that the dependence on nonlocal features is eliminated completely. In older 
formulations a dependence on the choice of a Hadamard 2-point function 
(replacing the nongeneric vacuum) was used, and it had to be shown that 
the theory is actually independent of this choice. The present point of view 
is that the Hadamard functions are only used in order to characterize a 
topology. The topology is then shown to be independent of the Hadamard 
function used. All algebraic structures, however, are defined without recourse 
to a Hadamard function. 
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The plan of the paper is the following: The next section gives definitions 
and constructions of the main technical elements of our procedures, namely 
all kind of algebraic structures, as time-ordered products, for instance. It 
contains a simplification of the rigorous treatment of our framework which 
is postponed to the next section. A particularly pressed reader may skip 
all technicalities of the 3d section and concentrate only on the main defi- 
nitions of the Hadamard families of functions and local observables. The 
4th section deals with the Stiickelberg-Bogoliubov-Epstein-Glaser approach 
to renormalization, but done in a novel manner. The next section is the 
core of our paper. It contains the definitions and comparison of three dif- 
ferent versions of the renormalization group. The discussion is continued 
in the 6th section where the algebraic adiabatic limit is discussed, via the 
introduction of a novel tool in algebraic quantum field theory termed gener- 
alized Lagrangians, and an algebraic form of the Callan-Symanzik equation 
is found. The last section deals with a couple of typical examples as (^^ in 
4 dimensions, and cp"^ in 6 dimensions. Here we compare with the textbook 
treatments (beta function) and find perfect agreement. Some technicalities 
are deferred to the appendices A, B and C. 



2 Definitions, initial constructions and outlook 

We look at the theory of a scalar field ip. For each spacetime M of dimen- 
sion d > 2 we consider the space of infinitely differentiable functions as the 
configuration space £(M) = C°°(M) (a Frechet space). The observables of 
the theory are functionals on £(M) which are infinitely often differentiable, 
such that the functional derivatives are test functions with compact sup- 
port. A simple example is the functional £(M) C, (p ^ f dxLp(x)f{x) 
with some test function / G T>{M) = C^{M). The space of observables 
will be denoted by 3^q{M). We recall that the notion of differentiability on 
Frechet spaces is well developed, a particularly nice introduction of which 
can be found in [24]. In practice, in our treatment only the validity of the 
chain rule is important. Notationally, we shall use indifferently the following 
possibilities as equivalent writings of generic nth order derivatives 



A=0 

where v G £(M), with the brackets denoting, from now on, either integration 
in the appropriate spaces, or sometimes the duality pairing of locally convex 
topological spaces, and the context should hopefully make precise as to which 
is which. Similar equivalent formulations can be adopted for the "kernels" 

( ^ S"-F 

FW((^)(a;i,...,Xn) = -—{ip){xi,...,Xn) = 



5(p'^ S(p{xi) ■ ■ ■ d(p{xn) 
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We define the support of a functional F G 9^q{M) as the set of points x € Af 
such that F depends on the behaviour of cp in every neighbourhood U G U{x) 
of X, 

supp(F) = {xeM\yU e U{x)3ip, ijj G £(M), suppV' C U 

such that F{(p + i)) + F{ip)\ , (1) 

and we require it to be a compact set in M. 

A virtue of the new approach is that we do not restrict ourselves to poly- 
nomial functionals. This is motivated, for example, by quantum gravity and 
by the existence of renormalizable models with non-polynomial interactions 
in d = 2 dimensions. 

We consider a linear hyperbolic differential operator for the scalar field 
with respect to the spacetime metric g with signature (+, — , • • • , — ), 

P = + + ^i? , (2) 

with the scalar curvature R and real parameters vr? and ^. On a globally hy- 
perbolic time oriented spacetime P possesses unique retarded and advanced 
Green's functions A/? and A_4, respectively. In terms of these Green's func- 
tions we can introduce two important structures on the space of formal power 
series in h with coefficients in the vector space Jq{M^. 

First we introduce a ^-product by a twist induced by the commutator 
function A = A^j - (cf. e.g. [15]), 



F*G = Moexp(i/irA)(F0G') , (3) 
where M denotes pointwise multiplication, 

M(P cm = F{ip)G{^) ^ {F . G){^) , (4) 
and Fa is the functional differential operator 

r^^i/<farf,A(x,,)-^0-^. (5) 

In this way we obtain an associative algebra where the fields satisfy the 
commutation relation 

<^(5)]* = iKf, ^g) , f,9& . (6) 

Complex conjugation endows the algebra with an involution. 



F-kG = G-kF (7) 
since A is antisymmetric and real. 
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The algebra contains an ideal generated by elements of the form ip{Pf), 
f G D(M). The quotient algebra is just the standard algebra of the free 
scalar field. It will turn out, however, that it is convenient to work with the 
original algebra {3^q{M),*) (off shell formalism). 

The second structure we need is the time ordering operator T associated 
with the ★-product. It is defined in terms of the Dirac propagator Ajj = 
^ (Ar + A^) which was introduced by Dirac in his treatment of the classical 
interaction between a point charge and the electromagnetic field [13]. We 

set 

TF = exp{ihTAj,)F (8) 
with ^ 

Ta, ^ i ldxdyAn{x,y)^^^^^^ . (9) 

Formally, T may be understood as the operator of convolution with the 
oscillating Gaussian measure with covariance ihAo, 

TF{ip) = j diiaAni4>)Fi^ - 4>) . (10) 

Its inverse T~^ (the anti time ordering operator T) is obtained by replacing 
Ad —Ad. It coincides, due to the reality of A^, with the complex 
conjugate operator 

TF = TT. (11) 

We then define the time ordered product Mt as the pointwise product M 
transformed by T, 

Mt = ToMo{T-^ ^T-^) (12) 

or, in a more standard notation as a binary composition (where • denotes 
the pointwise product and -t the time ordered product) 

F ■tG = T{T-^F ■ T-^G) . (13) 

By comparing 

ih 

ip{x) -T v>{y) = V^ix) ■ v{y) + —{Ar + Aa){x, y) (14) 

with 

ih 

(p{x)-k(p{y) = ip{x) ■ ip{y) + —{AR-AA){x,y) , (15) 

and using the support properties of the Green's functions, we see that -t is 
indeed the time ordered product with respect to the ^-product (3). 

We emphasize that the time ordered product is a well defined, associative 
and commutative product. For this it is important, as stressed before, not 
to pass to the quotient algebra, where the validity of the free field equation 
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would be in conflict with the fact that the Dirac propagator does not solve 
the homogeneous Klein-Gordon equation. Indeed, the ideal generated by 
the field equation with respect to the ^-product (or, equivalently, with the 
pointwise product) is not an ideal with respect to the time ordered product, 
as may be seen from the Dyson-Schwinger type equation 

F -T <piPf) = FipiPf) + ih{F^^^ , f) . (16) 

Note that the appearance of the Dirac propagator in the time ordered 
product is due to the choice of the commutator function A in the :*r-product. 
If we had chosen the Wightman two-point function A+ = | A -|- Ai in the 
formula (3) for the ^-product we would have obtained the Feynman propaga- 
tor Ap = iA.D + Ai in the time ordered product. But these conventions use 
a notion of positive frequency which is absent on generic Lorentzian space- 
times. Moreover, the logarithmic singularities at = obscure the scaling 
behaviour. 

We now have the means to introduce interactions in our framework. Namely, 
let V be an arbitrary element of 9^o{M). Then we define the formal iS-matrix 
as the time ordered exponential 

5(F) = To expo r-i(F) = exp.^(F) . (17) 

One may exhibit a factor ig/h in V. The S-matrix would then be a for- 
mal power series in the coupling constant g and a Laurent series in h (see 
e.g. [14]). We found it more convenient to incorporate such a factor into 
V, such that all expressions are formal power series in h. The coefficients 
in every order in h are analytic functionals in V which may be described in 
terms of their (convergent) power series expressions. 

The nonlinear interactions V G 3~o(M) are, in general, nonlocal. As a 
consequence the S-matrix defined above fails, in general, to be unitary for 
imaginary interactions V. Once extended to more singular functionals, uni- 
tarity of the 5'-matrix can be restored for local interactions where it takes 
the form of a renormalization condition. Inspite of the non-unitarity, the 
iS-matrix for non-local interactions is quite frequently used in quantum field 
theory, in particular when dealing with effective interactions as they appear 
e.g. in the renormalization method of the flow equation (Section 5.2). 

Notice also that the presence of the inverse of time ordering in the formula 
(13), which would be absent in a path integral formulation on the basis of 
(10), remove the so-called tadpole terms. 

We now want to extend the operations to more singular functionals, in- 
cluding in particular local functionals, characterized by the condition that 
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their functional derivatives have compact support on the diagonal, 



^^^-(xi, ...,Xn) = , if Xij^Xj for some pair (i, j) , (18) 

and that their wavefront set is transversal to the tangent space of the diagonal 
(this may be understood as a microlocal version of translation invariance). 

For the ^-product this can be done in the following way. Namely we choose 
a so-called Hadamard solution H of the Klein-Gordon equation (actually, 
a symmetric one, see next Section) and transform the ^-product by the 
operation 

1 f 6^ 

an = qM^^^h) , ^H = ^J Q!xQ!yg(x,y) ^^^^^^^^^^ , (19) 

to an equivalent ^-product -kn, defined by 

F^hG = aH{aH\F)^a]j\G)) . (20) 

The new ^-product -kn is obtained from the original one by replacing §A by 
iA + i7. 

By the microlocal spectrum condition [6, 35] the wave front set of | A -|- 
H is such that the transformed product can now be uniquely extended by 
sequential continuity to a space 3"(M) of functionals whose derivatives are 
distributions with appropriate wave front sets. The relevant topology is the 
Hormander topology for all derivatives (see Section 3). One then defines the 
topology on 3'q{M) as the initial topology with respect to an and proves that 
this topology does not depend on the choice of the Hadamard solution H. 
The sequential completion A{M) of 3"o(M) can be equipped with a unique 
sequentially continuous ^-product. In other words, : 5'(M) — > A{M) is a 
linear bijection and the ★-product in A{M) is defined by aj^^ (F) -k ajj^ (G) = 
aJ^{F -kH G). Roughly speaking, the used topology is characterized by the 
property that the point splitting approximations to nonlinear local fields, 
e.g. 

ipixMy) - hH{x, y) = oT^ {^{xMy)) , (21) 

converge in the coincidence limit y ^ x for all Hadamard functions H. In 
the next section this procedure will be described in more detail. 

The time ordered product, however, is not continuous in the topology 
described above, as may be seen, e.g., from the fact that the powers of 
the Feynman like propagators Hp = iAjj + H cannot be defined by using 
Hormander's criterion for the existence of products of distributions. Its 
(partial) extension amounts to the process of renormalization. Quite different 
recipes have been developed. These are 
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• BPHZ renormalization. It relies on an expansion of the /S-matrix in 

terms of Feynman graphs, where the vertices with n adjacent lines cor- 
respond to the nth functional derivatives of the potential and the lines 
to the Feynman propagator. On Minkowski space, the corresponding 
expression can be written as an integral on momentum space. By a 
clever, somewhat involved procedure (the famous Forest Formula of 
Zimmermann [43]) the integrand is modified by subtraction of polyno- 
mials in the momenta. Recently, it was observed by Kreimer [32] that 
this procedure may be understood as an antipode of a suitable Hopf 
algebra. A rigorous discussion can most easily be performed on an eu- 
clidean space (with the Feynman propagator replaced by the Green's 
function of the corresponding elliptic operator). A rigorous discussion 
on Minkowski space [42] is somewhat involved due to the fact that the 
modified Feynman integrals do not converge absolutely. An extension 
to generic spacetimes has been tried but, to the best of our knowledge, 
did not yet lead to a complete construction. 

• Flow equation. The idea here is to interpolate between the pointwise 
and the time ordered product by introducing a cutoff A and to study 
the flow of the effective potential (as a function of A) in the sense 
of Wilson. Namely let Ta = dhj^-H, with a differentiable family of 
symmetric smooth functions (/ia)agIR+ with Hq = Q (hence uhTq = id) 
and — ^ Hp in the appropriate sense (see Section 3 and Subsection 
5.2) as A ^ oo, hence a^T^ aup ■ By means of this family we define 
the regularized S-matrix as S'a = cxp , which is invertible on the 

-'A ' 

functionals we consider: = TAologoT^^. The interpolating family 
Va of effective potentials at scales A is defined by the requirement that 
the cutoff theory with interaction Va is equal to the exact theory with 
the original local interaction F, 5a(Va) = S{y), or explicitly 

Fa = Sl^ o S{V) . (22) 

The effective potential Va is generically non local and satisfies the flow 
equation 

with the interpolating time ordered products 

Mta =rAoMo(T^i®r^i) . (24) 

This is Polchinski's flow equation [34] in the Wick ordered form [36] 
(For a proof in our formalism see Section 5.2). Up to now it was almost 
exclusively used for euclidean field theory on euclidean space, where 
the approximate time ordering operation can be built by a momentum 
cutoff (see, e.g. [37]; for Minkowski space see [31]). In principle there 
is no obstacle to perform the same construction on generic spacetimes. 
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the only obstruction being that there seems to be no locally covariant 
choice of the cutoff which leads to the removal of all singularities. A 
partial removal can be obtained by Pauli-Villars regularization. 

• Causal Perturbation Theory. This approach was developed by Epstein 
and Glaser [18] on the basis of ideas of Stiickelberg [40] and Bogoli- 
ubov [2]. It applies to local functionals V. It fully exploits the locality 
properties of the interactions and is ideally suited for an extension to 
generic spacetimes [5, 25]. Its basic idea is that the time ordered prod- 
uct of n local functionals is, without any renormalization, up to (finite) 
local counter terms already determined by the time ordered product 
of less than n local functionals. The freedom in the choice of local 
counter terms is exactly the freedom in the choice of renormalization 
conditions. No cutoff is needed in this approach. The renormalization 
group in the sense of Stiickelberg-Petermann characterizes the freedom 
in the choice of time ordering prescriptions [16]. 

It is the aim of the present paper to clarify the relation between the causal 
approach and the flow equation and in particular to analyze the different 
concepts which are denoted as renormalization group. It will turn out that 
one has to distinguish at least three different versions of the renormalization 
group: 

• The renormalization group in the sense of Stiickelberg-Petermann, 

• The renormalization group in the sense of Gell-Mann-Low, 

• The renormalization group in the sense of Wilson. 

The renormalization group in the sense of Stiickelberg-Petermann is formed 
by the family of all finite renormalizations. It is really a group. The renor- 
malization group in the sense of Gell-Mann-Low characterizes the behaviour 
of the theory under the change of all scales. It is a group only in the massless 
case; in the massive case it is rather a cocycle. The renormalization group 
in the sense of Wilson refers to the dependence of the theory on a cutoff. 
It has no simple algebraic properties, but can be characterized in terms of 
Polchinski's fiow equation. The relation to the Connes-Kreimer approach 
[11, 12] will be postponed to a future paper. 

Since only the causal approach has been extended to generic spacetimes 
we restrict our treatment in the following to Minkowski space DVI. Even there, 
the proper treatment of the dependence on the mass term is not trivial. As 
the locally covariant approach suggests, all real values of the parameter 
should be allowed, in spite of the fact that a vacuum state can exist only for 
nonnegative values of m^. Since the Green's functions of the Klein Gordon 
operator for < are no longer tempered distributions (see e.g. [38]), a 
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discussion in terms of support properties in momentum space is, in general, 
not possible. Here, the methods of Microlocal Analysis [30] are particularly 
fruitful. 

3 Enlargement of the space of observables 

In order to include nontrivial local interactions we have to enlarge the space 
3^o{M). We do this by transforming the :*r-prodiict (3) into an equivalent one 
corresponding to normal ordering. The standard way of doing this is to use 
the transformation 

OAi = exp(;irAi) : %{M) %{M) 

with 

r., = l/dxd,A,(.,,)^-^^ (25) 
where Ai is the symmetric part of the 2-point function, and to set 

F G = a A, («k1 i^) * «a1 (G)) ■ (26) 
This just produces the standard Wick ordering. It has the nice feature that 
the product can now be extended to more general functionals, in particular 
to composite fields, smeared with test functions. 

The disadvantage of this prescription is that, as a function of m^, it is not 
smooth at = (and is not defined at < (< in 2 dimensions)). In 
the light of a generally covariant framework this is problematic. In particular 
the smooth behavior under scaling of all dimensionful parameters at zero was 
crucial for the renormalization method of [26, 27]. 

We therefore replace {Aim)m^>0 by a family of symmetric distributions 
(Hadamard functions) H = (-ffm)m2GiR, Hm G ©'(IM^), such that 

• H^n is a distributional solution of the Klein-Gordon equation in both 
arguments; 

• Hjn is invariant under Poincare transformations; 

• Hm + iAmf^, satisfies the microlocal spectrum condition [35, 6]; 

• For each test function / G D([1VI^), {Hm, /) is a smooth function of m^; 

• Hjn scales almost homogeneously, i.e. Q'^~^Hjj^/g{Qx, gy) is a polyno- 
mial in log Q. 

For > 0, Hm differs from Ai^ by a smooth Poincare invariant bisolu- 
tion of the Klein Gordon equation. There is a crucial difference in the scaling 
behavior oi H = H^^^ for even and odd dimensions d of Minkowski space 
[16]. 



12 



RG IN ALGEBRAIC QUANTUM FIELD THEORY 



• For d odd H is uniquely determined (and thus scales even homoge- 
neously) . 

• In even dimensions homogeneous scaling is not compatible with smooth- 
ness in m?. H is not uniquely determined by the conditions above, but 
depends on an additional mass parameter /x > 0. One defines 

v{x,y) = li^-^Hi^ix,y) (27) 

which can be proved to be a smooth function. 

In the standard literature smoothness in is not required; but 
even with that the Wightman 2-point function cannot be used in the 

+ (2) 

massless 2-dimensional theory, since is logarithmic divergent for 

m ^ 0. 

Derivations of the explicit expressions for H and v proving these statements 
are given in Appendix A. 



3.1 Algebras of observables and smooth dependence on 

The linear maps a/^M deform for every vahie of the ★-products into 
equivalent products ★m,^ which are smooth in rn^, in the sense that 

R3m^ -^{F*rn,^.G){ip) (28) 

is smooth for all F,G e S'oiM) and all <p G S.{M). 

We now enlarge the space of functionals 3^o{M) to the space 3^{M) of 
functionals which are infinitely differentiable, such that the nth functional 
derivatives are distributions with compact support and wavefront sets in the 
following subset of the cotangent bundle of DVI", 

En = {{xi,...,xn,h,...,kn) I (A;i,...fc„) 0(F+UF")} . (29) 

We equip this space with the following topology. First we endow the space 
of distributions with wavefront sets contained in with the Hormander 
topology. We then define the topology on S'{M) as the initial topology for 
the maps 

^^^M' riEHo. (30) 

The Hormander topology for the space E'^{M) of compactly supported dis- 
tributions t with wavefront sets in a closed cone C in the cotangent space 
is defined in the following way. By the definition of the wave front set (see 
e.g. [30]) every properly supported pseudodifferential operator A containing 



BRUNETTI, DtiTSCH, FREDENHAGEN 



13 



the set C in its characteristic set will map the distribution t into a smooth 
function. The topology on £^([l\/l) is now the initial topology for the maps 

t^{t,f), /g£(IVI), (31) 
t — ^Ate £(M) , (32) 

for all properly supported pseudodifFerential operators A with characteristics 
containing C. The Hormander topology for an open cone as E!„ is defined as 
the inductive limit for all closed cones contained in it. 

With respect to this topology, 9^{M) is the sequential completion of 3^0(1^). 
The product ^a-^,/^ is sequentially continuous and can therefore be uniquely 
extended to the completion. The extended product depends smoothly on 
in the sense of (28). The change of /U amounts to the transition to an 
equivalent product. Namely, the function 

^m'^^ = H!^ — (33) 

is smooth. Therefore the linear isomorphism 

=exp(nr^w,M2) (34) 

of 9^o(IM) which interpolates between the products ★m.^ti and *m,^i2 is a home- 
omorphism. It therefore extends to an isomorphism of 5'(I1V1) and interpolates 
also the extensions of the products to this space. 

In order to eliminate the dependence of the products on /i we now, as 
indicated in Section 2, use the maps o;^*^ to define an m-dependent, but ji- 
independent topology on 9^0(11^) as the initial topology of these maps. The 
sequential completion we denote by J'^'"^ (IM). Elements F G 5'(™)(I1V1) may 
be identified (by setting Ff^ = aH^{F)) with families (-Fyit)^>o, F^j, G 3^{M), 
with the property 

= "«,^^i'^2(^M2) ■ (35) 

The advantage of this somewhat abstract construction is that is the 
only scale in the algebra yi(™)([lVI) = (3'(™)([1VI ),★„). The other possibility, 
namely to set /j? = m?, would lead to singularities at = 0. 

We now define the following bundle of algebras, 

B = y a(™)(DVI) . 

Smooth sections A = {Am)m'^£\R of this bundle are, by definition, sections 
with the property that ani^iA), with 
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is a smooth function of m?. Again, the property of being smooth is indepen- 
dent of the choice of /i. The algebra of smooth sections is denoted by A{M). 
Ao{M) is the subalgebra of sections taking values in 3'o{M). 



3.2 Local functionals and interactions 



Local functionals were briefly discussed before, see eq.(18), and we want now 
to make the appropriate definitions and present results used later on. 

A map F : £,{M) ^ C is said to be a local functional if it satisfies the 
following requirements; 

1) F satisfies the following additivity property: 

F{ip + x + i^) = F{if + x)- Fix) + Fix + V') , 

if supp((/7) n supp('0) = 0, 

2) F is infinitely differentiable; 

3) WF(F(")((^)) ±rA„ whereA„ = {(xi,...,x„)eDVI"|xi = ... = a;„}. 
The space of local functionals is termed S^^ocCM). 

Now, the first consideration is whether additivity implies the support prop- 
erty stated in (18). Indeed, 

Lemma 3.1. Local functionals have the property that their nth order func- 
tional derivatives F^^^ip) are supported on thin diagonals A„, n G DM. 



Proof. By definition of functional derivative of nth order we have 



(F('^)(^),Vl®---®Vn) 



dXi ■ ■ ■ dXr, 



FU + J2>^ii'i] ■ (36) 

Al=---=An=0 \ i—l 



The support of F^"'\(p) is composed by ntuple of points (xi, . . . ,Xn) G IM". 
Let us assume that in the ntuple one can find two points Xj,Xk with xj / Xk- 
Now, there exist two smooth functions ipj,ipk such that Xj € supp('i/'j), 
Xk G suppiipk) and supp(V'j) n supp(V^fc) = 0. By use of the additivity 
condition in (36), one sees that each term of the resulting sum would not 
contain all A's and the derivatives will all be zero. Hence the support can 
only be those ntuple of points {xi, . . . , Xn) for which xi = ■ ■ ■ = Xn- □ 



Another important property is the following; 

Lemma 3.2. Any local functional F can be written as a finite sum of local 
functionals of arbitrarily small supports. 
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Proof. (Cf. [14] for a similar argument) Let e > 0. Let „ be a finite 

covering of suppF by balls of radius e/4 and let {xi)i=i,...,n be a subordinate 
partition of unity. By a repeated use of the additivity of F we arrive at a 
decomposition of the form 

F = Y^ siFi (37) 
I 

with sj G {±1}, Fiif) = ^{fJ2i&i Xi) and where / runs over all subsets of 
{1, . . . ,n} such that Bi f] Bj ^ $ for all i,j G /. Prom the definition of the 
support of a functional we immediately find suppF/ C Uiei := -B/. Since 
any two points in Bj have distance less than e, each Bj is contained in a ball 
of radius e. □ 



The previous lemma will find application in the next section and in Appendix 
B. 



The possible interactions A for a quantum field theory build a subspace 
•^Zoc(lM) ofA{M). It is characterized by the requirement that aH^{A) is a 
local functional for some, and hence for all /x. 

Functional derivatives on yi(llVl), as well as on Aioc{M), can be introduced 
as linear maps from £(IM) to A{M) by 

S S 
{—A, V') = a^^^i—aHA, t^) , (38) 

since the right hand side is independent of H. 



4 Causal Perturbation Theory — the Epstein-Glaser Method 

While local interactions are more singular, they also have nice properties 
which one can exploit for a perturbative construction of interacting quantum 
field theories [18, 5, 16, 4]. We first collect some properties of the S'-matrix 
defined in (17). As much as we did in eq.(2), we associate to every A G A{M) 
a compact region (denoted as supp(^) by abuse of notation) as the set 

supp(^) = suppianiA)) . 

Notice that supp(^) does not depend on the choice of H, since the homeo- 
morphisms Uyj do not change the support of a functional. 
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4.1 Renormalization and the Main Theorem 



We use the fact that for A,Be Ao{M) with supp(A) later than supp(S) the 
time ordered product coincides with the ^-product 

A-tB = A*B. (39) 

This impHes the following causality property of the S-matrix 



CI. Causality. S{A + B) = S{A) * S{B) if supp(A) is later than 
supp(S). 

The causality property determines the derivatives S^'^^ of S at the origin 



A=0 



(i.e. the higher order time ordered products) partially in terms of lower order 
derivatives namely 

^(n)^^(gifc (g) ^i8i(n-fe)-) ^ 5'W(-^<8>fe-) ^^(n-fe)|^^(g)(n-A;)-j _ ^^q^ 

While on Aq{M) this is an immediate consequence of the definition of the 
iS-matrix and of (39), it is the key property by which an extension to lo- 
cal functional can be made, i.e. S : Aioc{M) A{M) can be defined. 
Namely, by Lemma 3.2, local functional can be splitted into a sum of terms 
which are localized in smaller regions. Together with the multilinearity of 
the higher derivatives this allows the determination of the nth order in terms 
of the derivatives with order less than n for all elements of the tensor prod- 
uct yi;oc([lVI)®" whose support is disjoint from the thin diagonal. Here the 
support of X](^i <8) • • • (8)^^) is defined as the union of the cartesian products 
of the supports of A^.. Together with the property 



C2. Starting element. S{0) = 1, = id , 

this fixes the higher derivatives of S at the origin partially on local function- 
als. 

The ★-product and the time ordered product -t on 3^o{M) were defined 
in terms of functional differential operators. Therefore the S'-matrix S{V), 
V G 3'o{M) at the field configuration ip depends on ip only via the functional 
derivatives of V at ip. We require that a similar condition holds true also for 
the extension of S to Aioc{M). 
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Let V G Aioci^)- The Taylor expansion of aniV) at (p = (pQ up to order 
N is 

O'H(V)'fM=f:^{^^^(^0U'p-'P0)^) . (41) 

We impose the following condition: 



C3. (yC-Locality. oh o S{V){(po) = o S o ai/{aH{vf^^){po) + 

The condition is independent of the choice of the Hadamard function H . For 
polynomial functionals V the condition is, up to the information on the order 
in h, empty. The main profit of C3 is that, for the computation of a certain 
coefficient in the /i-expansion of an ° S{y), we may replace aH{y){}p) by a 
polynomial in ip. 

The (/7-Locahty of the extension allows a rather explicit construction. 
Namely, by Lemma 3.1, for a local interaction V the nth functional deriva- 
tive of auiy) is, for every field configuration a distribution with support 
on the thin diagonal A^^ C IM". As shown in [5], the condition on the wave 
front set implies that such a distribution can be restricted to transversal 
surfaces where the restrictions have support in a single point. Hence the nth 
functional derivative has the form 

=5;if '"(x)pfc(a,el)<5(Xrel) , (42) 
k 

with the center of mass x = ^Yli^i^ finitely many test functions V^'^{x) 
(which depend on p) and a basis [pk] of homogeneous symmetric polynomials 
in the derivatives with respect to relative coordinates Xrei- 

Example. Let F{lp) = ^ J dxf{x)(f{x)d(p{x)d(p{x), with a test function / € ©(IIVI). 
The second functional derivative of F is a symmetric distribution in two variables, 
characterized by the condition 



F{ip + Xh), hee{M). 

A=0 



We compute 



F{p + Xh)= [ 
=0 •/ 

-I 



dxf {x){2d(p{x)dh{x)h{x) + dh{x)dh{x)(p{x)) 

dxidx2S{xi — X2)f{x)(j)ip{x){dh{xi)h{x2) + dh{x2)h{x\)) 

+ p{x){dh{xi)dh{x2))) , 
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where x = {xi +X2)/2 is the center of mass coordinate. Formal integration by parts 
gives 

dA2 



F{ip + Xh) = / dxidx2h{xi)h{x2)(-{dxi + dx^) {5{xi - X2)f{x)d(p{x)) 
J 

+ dxidx2 {S{xi - X2)f{x)(p{x))^ . 



Introducing relative coordinates ^ — xi — X2 yields 

= (^-d{fd^)ix) + \iddifmx)]6{0-{mx){dd6m 
which is of the form of (42) 



Prom (42) we obtain the following expansion of ajy o S^'^\ 



kj,lj j 



where tf (v^o) is a distribution which is given by 

tU^o){xi, . . .,xn) = an o 5(")(<'*^H,xi) • ■ • A^f- {x,,)){^o) (44) 
with the balanced fields [8] (normal ordered with respect to H, shifted by 



A = (^H [Pli-drel) 1 



Xl=---=Xk=X 

(45) 



To derive (43) we insert 

F(^) = ^ / dxVi'''\ipo){x)A^'\^){x) (46) 

k,l 

into an o S'(")(y®")(<^) and use C3 as well as linearity of 5^"): 

aHoS^''\V^''){(p) (47) 

= Y, f dxi---^f''H^o)(xi)---a^^o5(")(<''Ha^i)®---)M • 

(48) 

Setting ip = \i results (43). 

A convenient additional condition is that, loosely speaking, S should have 
no explicit dependence on ip. Using the definition in eq.(38). 
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C4. Field Independence. {SS{V)/dip,i:) = S^^\V){SV/Sip,ij) , with 
VeAiociM). 

For the action on Ao{M) this is the case due to the fact that the differential 
operators T. in terms of which time ordering, ★-product and topology were 
defined do not depend on ip. In the formulae (43), (44) the distributions 
tf become therefore independent of ifo. Hence, in the resulting expansion 

of Oh o 5*^"''(y®") the field dependence is only in the VJ^''^^ (.Xj ) . By the 
conditions C3 and C4 the construction of time ordered products is reduced 
to the construction of the ti{(p = 0), i.e. to the construction of time ordered 
products of balanced fields at <^ = , hence, the methods and results of 
e.g. [16] can be applied. 

Example. Let a//(y) = / dxY^k M^Mx)'' /k\, f G D(llVl). Then 



^-^j^^^{xi,...,Xn) = ^ fk{xi)'^^^^-^6{xi - X2) ■ ■ ■ 6{x„-i -Xr, 
k>n ^ 



and now formula (43) is determined by the expression 



(p{x) 



k—n 



(fc-n)! 



and where the formula (44) takes the form 



ip{Xr 



k I 



(^ = 0) 



If one replaces H by Ai, becomes the vacuum expectation value of the time 
ordered product of Wick powers, hence one obtains the Wick expansion formula of 
Epstein-Glaser [18]. 

The result of the Epstein-Glaser Theory is that the derivatives S^'^^ of S 
at can be extended to the full tensor product but that the extension is not 
unique. The ambiguity is described by the Stiickelberg-Petermann Renor- 
malization Group JIq which is the group of analytic maps of yiioc('M)[[/i]] into 
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itself with the properties 

Z{0) = (49) 

zW(0) = id (50) 

Z = id + 0{h) (51) 

Z{A + B + C) = Z{A + B)- Z{B) + Z{B + C), if supp(^) n supp((7) = 

(52) 

(^-locality in the sense of C3 (53) 
5Z/5ip = (54) 

The property (54) imphes that Z preserves the locahzation region of the 
interaction, 

supp(Z(y)) = supp(F) , V G Aioc{M)[[h]\ , (55) 
as may be seen from 

{A-Z{VU) = Zm(V){^V,^l;) . (56) 

The additivity (52) expresses locality of Z. If one sets i? = in the 
relation and uses Z{0) = one obtains the condition previously adopted 
in [16]. Actually, within perturbation theory, the two conditions are even 
equivalent (for a proof see Appendix B). 

In any case, since the formalism here adopted is different from the one 
in the cited reference, we recall the Main Theorem and sketch its proof. 
Roughly speaking the main statement of this theorem is that in terms of 
the S-matrix a change of the renormalization prescription can be absorbed 
in a renormalization Z of the interaction, where Z is an element of the 
Stiickelberg-Petermann Renormalization Group D?o- Similarly to the nota- 
tions used for the derivatives of the iS-matrix we use the shorthand notation 

^(n) = Z{«)(0). 

Theorem 4.1 (Main Theorem of Renormalization). Given two S -matrices 
S and S satisfying the conditions Causality, Starting Element, (p-locality, 
and Field Independence, there exists a unique Z such that 

S = SoZ. (57) 

Conversely, given an S -matrix S satisfying the mentioned conditions and a 
Z G ^0, Eq. (57) defines a new S -matrix S satisfying also these conditions. 



Proof. Since the last part is obvious, we provide hints for the first part by 
following [16]. So, let us assume that the first n elements of the formal power 
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series for Z are given, i.e. Z^'^\ k <n, and define a second sequence 

4"4f' It"- (58) 
10, k > n . 

The corresponding is an element of IRq- Hence, by the last part of the 
Theorem, 

Sn = S O Zn ■ 

is an admissible ^-matrix which coincides with S in lower orders k < n. 
Hence 

is an element of yi;oc('M)[[^]], which is of order h, satisfies locality (52) and 
field independence (54). Therefore, we may use (59) to continue the inductive 
construction of Z. □ 



The ambiguity described in the Stiickelberg-Petermann Renormalization 
Group can be reduced by imposing further renormalization conditions. One 
of the conditions is 



C5. Unitarity. S{-V)i<S{V) = 1 , 



where S is the anti time ordered exponential, S{V) = S{V), hence S{V) 
is unitary for imaginary interactions V. This condition can always be ful- 
filled. It restricts the renormalization group to elements Z which satisfy the 
equation Z{-V) + Z{V) = 0. 



4.2 Symmetries 

In general, if a symmetry g acts as an automorphism of ^(IVl), commutes with 
complex conjugation and leaves the set of localized elements invariant, it will 
transform S to another 5-matrix S = g o S o g^^ satisfying also conditions 
C1-C5. Therefore its effect can be described by an element Z{g) G ^q, 
S = S o Z(g). If the symmetries form a group G, one obtains in this way a 
CO cycle in %o, 

Z{gh) = Z{g)gZ{h)g-^ . (60) 

Provided the cocycle is a coboundary, i.e. there exists an element Z E 
such that 

Z{g) = ZgZ-^g-^ ^9 e G , (61) 
the S'-matrix S* o Z is invariant. 
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In many cases the existence of a symmetric S-matrix just follows from 
the fact that the cohomology of the group in question is trivial. This holds 
in particular for amenable groups, where the trivializing element Z can be 
obtained by integrating the cocycle over the group. 

An important case, when the group is not amenable is that of the Poincare 

t 

group Here the result applies that the cohomology is trivial if all fi- 
nite dimensional representations of the group are completely reducible (see 
e.g. Appendix D of [16]). The invariance under the Poincare group can be 
imposed as a further condition: 

C6. Invariance. S is Poincare invariant. 

A crucial example where the cocycle can (and will) be nontrivial is the 
group of scaling transformations [R+. Scaling transformations on generic 
spacetimes can be encoded in a scaling of the spacetime metric (see [27]). If 
one restricts the formalism to Minkowski space as we are doing it here, it is 
more natural to scale the points in Minkowski space after fixing some origin. 
This leads to the following action on field configurations if G £,{M) 

iapip)ix) = p^<p{p-'x) (62) 

with the spacetime dimension d. This induces an action on 9^o(IM) which 
is continuous with respect to the topology (31,32). Moreover, it transforms 
the products *m into -kprn, and induces a Unear isomorphism between the 
completions 3'^"'\M) and j(^™)(IM). It therefore gives rise to an action by 
automorphisms of A{M) defined by 

(^p{A)m = ap{Ap-i^) . (63) 

On the basis of these arguments, let 

apoSoa-^ = So Z{p) . (64) 

Then Z(p) satisfies the cocycle condition 

Zipip2) = Z{pi)ap^Z{p2)a~^ . (65) 

The nontriviality of this cocycle is just the well known scaHng anomaly. One 
may replace the condition of scale invariance which cannot be fulfilled in 
general by the condition of almost scale invariance. In terms of the definition 
(64) above S is called almost scale invariant if 
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C7. Scaling. 

5 The Renormalization Groups 

The formalism so far developed is flexible enough to allow a comparison 
among different formulations of the idea of the renormalization group. Sim- 
ilar ideas hke those exposed here are already present in the literature of 
quantum field theory (see, e.g. [1] for the cocycle case), although mainly us- 
ing the euclidean formalism and viewing quantum field theory as a problem 
in statistical mechanics. We emphasize that in our setting the comparison 
can be done directly in terms of the physical spacetime, allowing a possible 
extension of the techniques and results to situations beyond the control of 
the euclidean framework. 



5.1 The Gell-Mann-Low cocycle 



Our main intention here is to study the effect of scaling on the renormaliza- 
tion group, which may now be restricted to the subgroup 31 C OIq of all Z 
leaving in addition the conditions Co, C6 and C7 invariant. They are those 
elements which fulfil Z{—V) + Z{V) = 0, are Poincare invariant and satisfy 
the condition 

p-j apoZoa-^ = 0{h^+^) (66) 

For m = 0, this implies, together with the facts that Z maps local fields 
into local fields and that local fields scale homogeneously, that Z is even 
scale invariant. Smoothness in the mass now allows it to draw a similar 
conclusion in the case of nonzero masses. In even spacetime dimensions d, 
as was shown in [16], if one uses the Hadamard function H^^, the transformed 
renormalization group element 

Zhi^ = an^ o Z o a^], (67) 

is actually scale invariant. If we exhibit the dependence on the mass m this 
means 

hence the parameter p is not scaled. Using the transformation properties of 
H^^ under scaling 
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we arrive at the explicit scale dependence of Z eJI 

-1 



apoZoap^ 



(6^ 



where v is the smooth function in eq. (27). 



Unfortunately, the claim in [16], that Zhi^ is independent of /i, is true 
in general only in low orders in (depending on the dimension). Z, as 
defined above, is of course independent of /x, but no longer scale invariant. 

We can now analyze the cocycle Z(p) of renormalization transformations 
characterising the dependence of S under scale transformations. 



Using (68) the cocycle relation (65) takes the form 

Z{pt) = Z{p)o a'l^^^ oZ{t)o a„iogp2 . 



(69) 



The cocycle {Z{p))p^o may be decomposed into two 1-parameter groups 
such that one of them becomes trivial in the limit m — > and the other one 
converges to Z{p), 



Z{p) = Z{p) o 



(70) 



The one parameter group (Z(p))p>o was found by Hollands and Wald [27]. It 
is, however, not a subgroup of the Stiickelberg-Petermann Renormalization 
Group as defined above, since the linear term of Zi^p) is not the identity. 

The /3-function of standard perturbation theory is closely related to the 
generator of the one-parameter group {Z{p))p^Q, which we call the S-function, 

d 

'/An\ = I, 

dp 



B 



P^Z{p) 



p=i 



- 2hT, 



The B-function is analytic, since Z{p) has this property. In the Taylor series 
the first order term is given by r„ and the higher order terms by derivatives 
of Z(p): 



oo ^ 

B{V) = -2hTy v + ^ — B(")(y®") , 



(71) 



where 



_B(")(0)(y®") = S(")(F®") 



n=2 



d 



B{\V) 



A=0 



P 



dp 



p=i 



dX^ 



Z{p){\V) 



A=0 



for n > 2. 
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The action of the one-parameter group (^(p))p>o on A{M) can now be 
obtained as a solution of the differential equation 

Let us discuss a simple example of a 5-function: 



Example Let ^ = ^ / dxf{x)(f{x)'^ in d = 4 dimension, with / € D{M). For this 
interaction, rcnormalization is necessary only for tiie so-called fish diagram. The 
undetermined term does not depend on m. Hence the computation of Z{p){V) can 
be performed at m = 0, see (91). It results 

Z{p){V) = V + ig'^^j dxfixf , 

a-v log {V) = V - ig -^^^^ log p^ J dxf{x) , 
where we used v{x,x) — TO^/4(27r)^ ((27) and Appendix A), hence 



The Gell-Mann-Low cocycle (Z(p))p>o and the corresponding one param- 
eter group (Z(p))p>o depend on the chosen renormalization prescription S. 
The S-functions belonging to different renormalization prescriptions are re- 
lated as follows. 

Lemma 5.1. Let S\ and S2 be two S -matrices and let Z E !Ji be the corre- 
sponding renormalization group transformation: S2 = S\oZ. Let (Zi(/9))p>o 
and (Z2(/9))p>o be the pertinent one parameter groups (70). Their generators 
Bi and B2, respectively, are related by 

ZoB2 = BioZ . (72) 
To lowest non-trivial order this relation reads 

Bf^ - 5^2) ^ 4;j2 ^(2) ^ ^ + 2/ir„ o . (73) 

In the massless case the r.h.s. vanishes, i.e. B^'^^ is universal. 

Proof. Applying a scale transformation to ^2 = o Z and using (64) and 
(68) we obtain ^2 o Z2(p) = Si o Zi{p) o Z , from which we conclude 



Z o Z2{p) = Zi{p) o Z 
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Application of P^|p=i yields immediately the assertion (72). Inserting the 

lowest order terms of the Taylor expansion oiZ and Bi, B2 (71), respectively, 
it results (73). □ 

In odd spacetime dimensions d, the Hadamard function H^^^ scales homo- 
geneously. Therefore, all Z E 01 are scale invariant and {Z(p))p^o is a group 
(i.e. Q;^iogp2 does not appear in (68) and (69)). It follows that the r.h.s. of 
(73) vanishes, that is S^^^ is universal also for non-vanishing mass. 



5.2 Flow Equation 

In this section we formulate the renormalization method of the flow equation 
in our formaUsm and relate the renormalization group in the sense of Wilson 
to the Stiickelberg-Petermann group. 

As we pointed out in the introduction, the time ordering prescription T can 
be formally understood as the operator of convolution with the oscillating 

Gaussian measure with covariance iHAf). The crucial point for us now is 
that if we split the covariance in two, or more pieces, say ihAo = Ci + C2, 
then we get a semigroup law from the convolution (10), namely 

TF{ip) = J dm(0i) (y dixc,{<t>2)F{^ -h- 0i)) ■ (74) 

Hence, the idea is to split the covariance in such a way as to get more and 
more regular convolutions. The splitting is usually parametrized by a cutoff 
scale A. Since the left hand side of (74) is independent of A, the derivative of 
the right hand side has to vanish. This leads to a differential equation, the 
Flow Equation, that was first used for the purposes of perturbative renor- 
malization by Polchinski [34] (see also [20]). 

In our setting the procedure can be described as follows. Since the time or- 
dered product (12) is a deformation of the pointwise product induced by the 
time ordering operator T, a regularization of the latter induces a regularized 
time ordered product. Hence, by a regularizing procedure, we interpolate 
between the pointwise and the time ordered products. Namely, let us pose 
Ta = eiqi{ihT\) = a^^^^H, where (/iA)AeiR+ is a family of symmetric smooth 
functions in IM^, which depend in a differentiable manner on the parameter 
A, and is such that ^0 = and h\ — > Hp in the sense of Hormander as 
A ^ 00. (We recall that Hp = lAo + H, hence h\ - H ^ iAo-) This 
means that, as initial condition we have uhTq = id and that in the limit 
A — > 00 we have aHT\ otHp, by the sequential continuity of the maps. 
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By means of this family of regularized time ordering operators, we can 
construct a family of regularized 5-matrices as 5a = exp , as well as 

the family of inverses S^^ = T\o logo Tj^^ . The principal aim of the Flow 
Equations is to study the behaviour of effective potentials under infinitesimal 
cut-off variations. Effective potentials Va at scale A are thought of as arising 
from integrating out the degrees of freedom above A. In our formalism they 
are defined by S{V) = Sa{Va), i.e. Va = S^^ o S{V). 

Now, we can prove, in our setting, that the effective potentials defined 
above fulfil the Flow Equation. 

Proposition 5.2. Let Va be the effective potential at scale A for any local 
interaction V G Aiod^), then 

Proof. We have, by definition 

= o S{V) = TAlogTX^TexpT-\V) , 

from which one also gets that T^^rcxpT^^(y) = expT^^(VA.)- Using the 
previous relations we have the following chain of identities s 

^Va = fAlogTX'TexpT-\V) 

+ TA{T;^^TcxpT-\V))-\-TX^)tATcxpT-\V) 

= ih {TaVa + rAexp(-r^nKO)(-f a) expT^-i(yA)) 

= ih {TaVa + rA(-f a)(TI'(Va))) - \ (^3VtT,) {Va ® Va) 

where in the last relation we made use of the fact that Fa contains functional 
derivatives of second order and that the Hadamard function is symmetric. 
Since the linear operators Ta and Fa commute, the first two terms add up 
to zero and we obtain the Flow Equation. □ 

The attractive feature of the Flow Equation is that it can be immediately 
integrated in perturbation theory, since the A-derivative of the nth order 
term in F of Va is determined by the terms of order less than n due to 
V^'''* = 0. In general, however, Va will not converge for A oo. Here we can 
use the insight of Epstein- Glaser that S always exists on local functionals, but 
is not unique. Moreover, one can show, that for each A there is an element 
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Z\ of the Stiickelberg-Petermann Renormalization Group^ D?o, such that 

lim 5a o Za = 5 . (75) 
A— >oo 

Z\ adds the local counter terms which are needed for the existence of the 
hmit. One may determine Za directly from the knowledge of ^a, namely 
the nth order term of Sa o Z\ is, due to S^j^^ = id 

(5aoZa)(")=4")+4") (76) 

(n) 

where Xj^ depends only on the terms of of order less than n. Hence by 

induction Z^^^ is uniquely determined up to the addition of a local map dZ^^^ 
which converges as A — > oo. This amounts to the freedom of finite renormal- 
ization, encoded in the Stiickelberg-Petermann Renormalization Group. 

Prom the definition of Va it immediately follows that the flow of the effec- 
tive potential from Aq to A is given by Sj^^ oS\q. Heuristically, this operator 
is approximately equal to Z\ o Z^ G 3io for A, Aq big enough, due to (75). 
In this sense Wilson's flow of effective potentials can be approximated by a 
2-parametric subfamily of the Stiickelberg-Petermann group. 

As an application let us see now how one can construct the Gell-Mann-Low 
cocycle Zi^p) from the counter terms Z^- We assume that the regularized 
iS-matrices satisfy the scaling relation 

(7p o Sa o a'p^ = SpA . (77) 

Since a scale transformation commutes with the limit A ^ oo in (75), it 
follows 

lim SpA o ZpA o Z~l o (Tp o Za o a"^ = 50 Z{p) . 

A^oo ^ 

Taking into account that limA-»oo SpA ° ZpA = S, we conclude 

hm Z-^ oapoZAO a'^ = Z{p) . (78) 

In this way the Gell-Mann-Low cocycle Z{p) can be obtained from the 
counter terms Za needed to cancel the divergences of the regularized S- 
matrix. If S is almost scale invariant C7, we see from (78) that apO Zaog'^ 
differs from ZpA only by logp-terms and terms vanishing for A — > oo. 



^Generically Sa does not satisfy Poincare invariance C6 and the Scaling property C7, 
hence one may not expect that Za is in 
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6 The renormalization group in the algebraic adiabatic Hmit 

6.1 Introduction 

In the previous sections we showed how the renormahzation group arises 
in perturbative algebraic quantum field theory as a group of formal diffeo- 
morphisms on the space of local functionals of smooth field configurations. 
We want to analyze the structure in the so-called algebraic adiabatic limit 
where the interaction is induced by a Lagrangian with no explicit dependence 
on spacetime. Contrary to the adiabatic limit in the sense of operators on 
Fock space ("strong adiabatic limit") or in the sense of Wightman functions 
(i.e. vacum expectation values of interacting fields) ("weak adiabatic limit") 
- both appear in the work of Epstein and Glaser - the algebraic adiabatic 
limit does not suffer from any infrared problems and is in particular well 
defined on generic globally hyperbolic spacetimes [5, 15, 27]. Tradition- 
ally, in causal perturbation theory, Lagrangians are integrated against test 
functions in order to obtain well defined local functionals on field configu- 
rations. But the action of the renormalization group on the space of local 
functionals is nonlinear, hence we prefer to admit also nonlinear dependence 
on the test function. Lagrangians in this generalized sense can be identified 
with a certain class of nonlinear functionals on the test function space with 
values in the space of local functionals of field configurations. The space 
of Lagrangians in this sense is invariant under the renormalization group; 
moreover, Lagrangians which induce equivalent theories do so also after act- 
ing on them with the renormalization group. We work out the analogue 
of the /3-function, compare the results obtained in our framework in a few 
examples with results from the literature and find agreement. 

6.2 Generalized Lagrangian 

The defining properties of a generalized Lagrangian are (partially) motivated 
by the corresponding properties of the renormalization maps Z € 31. 

Definition 6.1. A generalized Lagrangian ^ is a map 

^ ■.D(M)-^Aioc{M) 
with the following properties 

AFl. supp(=Sf (/)) C supp(/) ; 

AF2. ^(0) = 0; 

AF3. ^U+g+h) = ^{f+g)-^{g)+^{g+h) , if supp(/) nsupp(/i) = ; 

AF4. aL o ^ = ^ o for all elements L of the Poincare group Pi. 
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Proposition 6.2. The space of generalized Lagrangians is invariant under 
the action 

of the renormalization group IR. 

Proof. If ^ is a generalized Lagrangian and Z an element of the renormaliza- 
tion group, then Z obviously satisfies the conditions AF1,2,4. To prove 
that also condition AF3 is satisfied we first show the following remarkable 
property of the map jSf (which is a weak substitute for linearity): 

supp^<;(/) C supp/ (79) 

where ^gif) = =Sf(/ + g) - ^(g)- Namely, let M 3 x ^ supp/. Choose 
h G D([l\/I) with h = g in a neighbourhood of x such that supp/iflsupp/ = 0. 
Then, from condition AF3, 

(/ + g)= if (/ + {g-h) + h)= (/ + {g- h)) - ^{g - h) + J^{g) , 

hence ^g{f) = ifg_,,(/), thus supp^g(/) = supp^g_^(/) C (supp(/ + 5- 
h) U supp(5 — h)) ^ X by using AFl. 

We now use the additivity of Z and find for / and h with disjoint supports 

Z{^{f + g+h))= Z{^g{f) + ^{g) + ^g{h)) 

= Z{^{f + g)) - Z{^{g)) + Z{^{g + h)) . 

□ 

Definition 6.3. Two generalized Lagrangians are said to induce the same 
interaction, ^ ^ , if 

supp(^ - ^')(/) C suppdf , V/ G D(IVI) , 

(i.e. the corresponding field equations differ only by boundary terms). 

Proposition 6.4. If^ and^' induce the same interaction then so do Zo^ 
and Z o for all renormalization group elements Z. 



Proof Let ^ ~ and / e 'D{M). Let h e T){M) with supp/tHsuppd/ = 0. 
We have to show that 



{^{Zo^-Zo^'){f),h)=0 
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Let ^xif) = (Aif + (1 - A)Jf' )(/)■ Using the fundamental theorem of 
calculus, we find for the left side 

= [\x{^z('\^,if)){^-^'){f),h) 

Jo oip 

= £dX (z(2)(^,(/))((^Jf,(/),/,) ® -^')(/)) 

Both terms in the integrand vanish because of the assumption on the 
supports of df and h. The first, since Z^'^\^\{f)), as a bihnear map on 
•^Zoc(lM) X Aioc{M), vanishes if the arguments have disjoint supports. This 
is the case since the support of the first factor is contained in supp h and the 
support of the second factor is contained in suppd/ due to the equivalence of 
^ and J^'. The second term in the integrand vanishes, since, for the same 
reasons, the argument of the linear map Z^^\^x(f)) is zero. This proves 
the proposition. □ 



6.3 Observables 



We now want to investigate the action of the renormalization group on ob- 
servables. Given two local functionals V and F, the relative S-matrix 

Sv{F) = S{V)-^*S{V + F) 

is the generating functional for the time ordered powers of the (retarded) 
observable corresponding to F under the interaction V. If S is replaced by 
S = S o Z with a renormalization group element Z, we obtain 

Sv{F) = Sz(v){ZviF)) 
where Zv{F) = Z{V + F) - Z{V). 

We first observe that 

Zv{F) = Zv'iF) if supp(y-y')nsuppF = . (80) 
This follows from the additivity property of Z: 

Z{V + F) = Z{{V - V) + V' + F) = Z{V) - Z{V') + Z{V' + F) . 
Similarly to the proof of (79), the relation (80) implies 

supp Zy(F) C suppF . (81) 
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Let [=Sf] denote the equivalence class of the generalized Lagrangian in 
the sense of Def. 6.3. Then we set 

with / = 1 on a neighbourhood of supp-F. By the remark above and by 
(79), the right hand side does neither depend on / nor on the choice of the 
Lagrangian in its equivalence class. 

Let be a relatively compact open subregion of Minkowski space. The 
rough idea of the algebraic adiabatic limit is to achieve independence of the 
observables on the behaviour of the interaction outside of by admitting all 
interactions which yield the same field equation in 0. For this purpose we 
define 

= {V e AUM) I supp(T/-^i(/))nO = 0, 

if ^1 € [^] and / = 1 on 0} , (82) 

where =Sf is a generalized Lagrangian. Note that if supp(y — (/)) H = 
for some =Sfi G [^] and some / G D([l\/1) with / = 1 on 0, then this holds 
for all and all f with these properties. Note also that Zv{F) = Z\^^t^{F) 
if F G ^.if](0) and suppF C 0. In addition we point out that 

yG%](o)^z(y)G^zoi?i(o) , 

which follows from (81) and Proposition 6.4. 

The relative iS-matrix in the algebraic adiabatic limit is defined by 
S{^]iF) = (5'y(-F))ygT^^](o) 

for F with suppF C 0. The interpretation as algebraic adiabatic limit relies 
on the following argument (see [5, 15]): S^-^{F) is a 'covariantly constant 
section' in the sense that for any Vi,V2 G '^^](0) there exists an automor- 
phism /3ofA{M) such that 

P(SvAF)) = SvAF) VF G AiociM) , suppF c . 

Hence, the structure of the algebra generated by Sv{F) , suppF C is 
independent of the choice of F G '^^](0). 

The local algebra (0) of observables in the algebraic adiabatic limit is 
generated by the elements S^t^{F), suppF C 0. For Oi C O2 the embedding 

^0201 : ■A[^](Oi) ^ >l-[if](02) is induced by tOaOi = S[3]iF)- 

We may now determine the action of the renormalization group on observ- 
ables in the adiabatic limit. Let again Z be an element of the renormalization 



BRUNETTI, DtiTSCH, FREDENHAGEN 33 
group and S = S o Z. Then 

^\jif](^) = i^viF))ver[j^]iO) = ('S'z(y)(^y(-^)))vei^^](o) = S\zo^]i^[.^]i^)) ■ 
We conclude as a slight generalization of a Theorem in [16, 17] (cf. [27]) 

Theorem 6.5 (Algebraic Renormalization Group Equation). Let A^^j{0) 

and A^^j{(D) denote the algebra of observables obtained by using S and S, 
respectively. The pertinent renormalization group element Z G Ji induces an 
isomorphism az = (ck^) of the nets, 

ai:^m(0)^^[Zo^](0) , (83) 

such that iOjOi ° Q^z^ = olz^ ° ^O^Oi for Oi C 02- The isomorphism is given 
by 

«i(^[^](^))=^[1o^](V](^))- (84) 

In particular, if jSf and Z o ^ induce the same interaction, az is an auto- 
morphism. 

Remark 6.6 (Generalized fields). Motivated by the nice properties of 
a generalized Lagrangian, we generaUze the concept of fields by admitting 
nonlinear dependence on the test function. 

Definition 6.7. A generalized field is a map $ from the space Tq{7°°(M)) 
of smooth sections with compact support on the tensor bundle over M into 
the space of local functionals Aioc{M) with the following properties 

1) supp$(/) C supp/; 

2) $(0) = ; 

3) ^f + g + h) = ^f + g)-^g) + ^g + h) i/ supp / n supp /i = 0; 

4) aL o ^ = ^ o for all L e 

Obviously, the support property (79) holds true also for generalized fields. 

It is now easy to see that any Z E ^ and any generalized Lagrangian ^ 
induce via 

$ o $ (85) 

a map on the space of fields (generahzed field strength renormalization) 
which satisfies, due to the algebraic renormalization group equation, the 
relation 

az o S[^] o $ = S[Zo^] ° o $ . (86) 
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6.4 Scaling 

One of the deepest insights in quantum field tlieory is that the invariance 
of the physical content of the theory under a change of the renormalization 
parameters (the renormalization group equation) provides information on 
the behaviour of the theory at different scales (Callan-Symanzik equation). 
Usually this relation is expressed as a differential equation for the vacuum 
expectation values of time ordered products of fields. In our algebraic frame- 
work we obtain a corresponding result without the necessity to incorporate 
information on the existence and uniqueness of vacuum states. 

In classical field theory, scaling would result in replacing the Lagrangian ^ 
by the scaled Lagrangian _Sf^, .Sf (/) = ap{^{fpj), where fp{x) = f{p^^x) 
denotes the scaled test function.^ In quantum field theory one obtains 
instead 

Theorem 6.8 (Algebraic Callan-Symanzik Equation). The scaled Haag- 
Kastler net i— > A^^{p~^0) is equivalent to the net i— > •Ayz{p)o^p]{^) 
where the isomorphism is induced by OLz{p) o Cp- 

az^p^ocjp{S^^^{a-^F)) = S[z(p)o^P]iZip\^p]{F)) , F G A,„e(0) • 
Proof. We have 

<Tp o S[^] o cr^l = (5 o Z{p))[jfp] . 

Hence the net i— > o'pA[_5f](p~^(0)) coincides with the net ^[^p] where 
A is constructed from S = S o Z{p). By the algebraic renormalization 
group equation (83) Oiz(p) induces an equivalence between the nets Ajjjfpj 
and A]^z{p)o^p] ■ Hence Ciz{p) ° '^p induces the claimed equivalence between 
the nets •A[^](p~^0) and A^z{p)o.Sfp]- ^ 

Finally we are going to perform the wave function and mass renormaliza- 
tion and to define the /3-function. For computations it is useful to represent 
the abstract quantities ^4 G >l by the functionals an (A) G J". In even dimen- 
sions H depends on a parameter p. This induces an additional scale into the 
formalism. We assume that the generalized Lagrangian ^ is of the form 

^(/) = ^,if) = aHl{F{f)) (V/ G D(M)) 

for some F : D{M) S^iod^) which satisfies the properties AF1-AF4 in 
Definition 6.L Note that [((/:'^)J = ["^mOV'^] = [<p'^] and [{{dcpf)^] = [{dipf] 
since [c] = for c G C[[h]]. 

^Note that .5^ differs from ^ only by a scaling of the parameters: (.i^^'^')" = ^("^^ 
where A denotes the parameters of ^ which are assumed to have the dimension of a mass. 
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The transformed Lagrangian [Z{p) o will in general contain a mul- 

tiple 7^(/o) of the kinetic term [{dip)'^] and a multiple A^(p) of the mass 
term ^ {pm)"^ [(^^]. These terms may be absorbed in the free Lagrangian by 
replacing (p by 

ip' = (1 — 7^(p))2(^ ("wave function renormalization") 

and m by 



m' = m \ — — — ("mass renormalization") . 
V 1 -7/.(/5) 

Since the new free Lagrangian differs from the old one by ^(7^[((?(/3)^] + 
Aj^(pm)^[(^^]) we have to add this term to the interaction part [Z(p)o(Jf^)^((^)]. 
The new interaction Lagrangian [jSf^] is then 

[^;(<^')] = [z{p)o{^^n{i-^^{p))-h^')] 



-4(T^i(vn-^i^^i(.'n)^s7, 



2^Vl-7^(p) ' 1 + A^(p) 

The derivative with respect to logp at p = 1 (with keeping (p' fixed) now 
defines the /3-function. Using 

B = p^\p=iZ{p) , (88) 

7y^(l) = 0, A^(l) = and (^/z)'' = {^'')pn the action of P on interaction 
classes reads 

/3([^^]) = [i?o^^]+|i(^«,^) 



+ [P^^i-^%\p=i] + [P^-^^^]' (89) 

where {^^\<p) is the equivalence class of / ^ {J^'^{f)^^\ (p) and 7^ and 
Xfi are the derivatives of 7^(p) and A^(p) with respect to logp at p = 1. 
This formula is less complicated as it seems, since —7^ + A^^ m? [</?^] 

subtracts precisely the [(5<p)^]- and m^[(/?^]-term of [5o^^]. 



7 Examples 

After clarification of the general structure we now want to compute in our 
framework renormalization group transformations for special examples to low 
orders. The Gell-Mann Low cocycle Z(p) is completely determined by its 
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generator B (88). It can be obtained by differentiating the scaled S-matrix 
with respect to the scahng parameter, 



where the hnear map S^^^ (V) is invertible in the sense of formal power series 
in h since its zeroth order term is the pointwise product with e^. 

The computation of B^"'^ then amounts to differentiating (59), i.e. 

Z^^\p) = Up o o a;' - {S o Z„_i(p))W , 

where Zn-i{p) is given in terms of {Z^'^^p) \ k < n — 1} hy (58). Namely, 
since —{So Zn-i{p))^^^\V) subtracts the contributions coming from the vi- 
olation of homogeneous scaling of s?/6diagrams, one has to compute only the 
contribution of those diagrams whose freedom of normalization is localized 
on the total diagonal in DVl" (of. formulas (4.16-17) in [16]). 

Representing the abstract functionals A £ A by the explicit functionals 
an (A) G if, we have to take into account that q//m does not commute with 
the scaling transformations. With Sf^ = aHi^°Soa^f_, and = aHi^oBoa^]^ 
we obtain 



d d d 

P-Q^\p=i{(^p °Sf,o a-^)(V) - /^^•S'm(^) = P^\p=i{(Tp o 5^-1^ o a-^){V) 

Si^\v)B,{V) 



for V G 3^ioc- Again, Bj^'\v) is obtained directly by omitting the contribu- 
tions coming from the inhomogeneous scaling of subdiagrams. 

In terms of the power series expansion of S with respect to V, the p,- 
derivative of the nth order sj^^ can be computed by using p--§jiOLHt^ = 2^r^o 

an, (19,27) and ^ = 0: 

= 2h {v^ o S^^^ - o ^(id ® ... (8) (8) ... (8) id)) 

= 2;i4-)o^rjf (90) 



with T^J = dxdy v{x,y) g^, (x)s<p ■ (y) ^ functional differential operator 
on J(IVI)®". 
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Let 

oo ^ 
fe=2 

be the power series expansion of B^. Due to ^-j^ = we have the commu- 
tation relation 

The Taylor expansion of -B^(F) around f = is therefore determined by 

the values of Bjj^\v^"-^^ • • • ® F^'^*)) at (/? = 0. To obtain these values we 
have to compute the violation of homogeneous scaling of the corresponding 
renormalized time ordered products at (p = 0. Mostly this is done by us- 
ing momentum space techniques. A rigorous computation in our framework 
is, however, easier in configuration space which also has the advantage to 
simplify the extension to curved spacetimes. Our method is related to dif- 
ferential renormalization [19]. Further useful renormalization procedures in 
x-space are dimensional regularization [3], different kinds of analytic renor- 
malization [23, 29] and in case of 2-point functions a method relying on the 
Kallen-Lehmann representation [16]. 

In order to simplify the formulas that will appear in the next two subsec- 
tions, we use the notations cf)"' = (f"'/n\, n e N, and (5^)^ = di,ipd'^ip/2. 



7.1 /3-function for the (/^^-interaction in 6 dimensions 

As a first example we discuss the interaction in 6 dimensions. Let 
^M) = J»Hlj dxf{x) 4>{xf 

be a generalized Lagrangian with a coupling constant 5 G R . The orbit 
under the renormalization group is contained in the subspace generated by 
<^^, (90)^, (j) and 1. Since we are interested only in equivalence classes 
of Lagrangians we may ignore the constant terms. Moreover, we may also 
ignore the linear terms, since they do not infiuence the action of the renor- 
malization group on the other terms. In second order in the Lagrangian the 
only contribution comes from (p^ and yields a term of second order in (f). This 
contribution is therefore determined by 

5f = B^;^'){(t>\x^)®<t>\x2))\^^^ct>{x^)^{x2) . 
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where C(0^0^) is an extension of (^iJ^^)^/2 (to be considered as a distri- 
bution on D{M'^ \ A2)) to an everywhere defined distribution with the same 
scahng degree. Moreover, exhibiting the dependence on the mass, we write 

iH^F,j'/^ = Dl/2 + m^Dj. . ^H^F,mirn = 0) + i?^ 

where the scahng degree of is smaller than the dimension, such that 
there is a unique extension with the same scaling degree. Since p^R'^_i^{px) 
(with X = X1 — X2) is independent from p, only the two first terms contribute 
to Bf,. 

The extension tm can be written in the form 

C = io + m2ii + i2^ 

where to,ti are extensions of and H^Dp ■ -^^H^(m = 0), respec- 

tively, which scale almost homogeneously. 

Prom Appendix A (99), we get Df{x) = ^^■i^j2_i^y2 and ^H'^{m = 0) = 
24^3(^:2_jg) ■ We can now use the general results of Appendix C and conclude 

p-^\p=i{p^to{px) + n? p^ti{px))\p=i = f?{aQU5{x) + aiw?5{x)) 

where oq = and ai = 

We now turn to terms of 3rd order in the Lagrangian. There is no term 
of second order in 0, and there is exactly one term in third order in ^, 
corresponding to the triangle diagram. We have to calculate 

(®,Ll0=^(x,)) = Bf {®U^\X^)) 0(X1)0(X2)0(X3) . 

<p=U 

Again the //-dependent part is regular and can thus be absorbed in the p 
derivative. We obtain 

where x = xi — X2 , y = X2 — x-^. tm{4>^ ,4>^ ,4>'^){x.aj) is an almost homoge- 
neous extension of h^Hp{x)Hp{y)Hp{x + y). In the Taylor expansion with 
respect to the mass only the leading term has a nonunique extension which 
can give rise to a contribution to B^. Hence, we have to determine the 
distribution 

Bjp (0|=i(/)2(x,-)) U=o = hH^x,^^x'' + dy,^,y'')DF{x)DF{y)DFix + y) . 

As before this is the divergence of a distribution with scaling degree less than 
the dimension of space. It must have the form h^a26{x)6{y) with 02 G C 
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To compute this number, we use the exphcit form of the Feynman prop- 
agator Dp and the method of Feynman parameters: 

1 _ ^, f°° dzidz2...dz(i6{l - {zi + Z2 + ... + zq)) 



bib2...bQ Jq {bizi + b2Z2 + ... + b6ZQ) 

With that we find 



a26{z) = nm(47r3)-35! / dadp a/?7 -^z^ {{z, Gz) - ie)'^ 



'1 

J a,/3,'y>0,a 

where z = {x, y) and {z, Gz) = ax^ + ^y^ + ^{x + y)^. 



Up to a hnear coordinate transformation on R^^ which brings the qua- 
dratic form G into the standard form on R^'^'', the distribution ((z, Gz) — 
is of the form treated in Appendix C. We conclude that 

^-z^{z,Gz) -ie)-^ = \S^^\\detG\-U{z) 



dzi 

Thus we find 

«2 = (47r3)-35!.-^:-/=-^/ 



1 TT^ 1 



10 6 257r3' 
with the integral over the Feynman parameters 

1=1 dadl3a(3-i\deiG\~^ . 

J a,l3,'y>0,a+l3+'r=l 

The determinant of G is (a/5 + /?7 + 70)^. To compute this integral we 
substitute a = Xk, /3 = (1 — X)k with A, k G (0, 1). We find 

'dxTd. A(l-A).3(i_.) 



(A(1-A)k2 + k(1-k))3 

= [\x f 

Jq Jo 



A(1-A)(1-k) 

dK ■ 



(A(1-A)k + (1-k))3 • 

The integral over k turns out to be independent of A G (0, 1) and has the 
value ^. Thus we finally obtain 

1 

"2 - ^ • 

We arrive at the action of i?^ on the interaction classes up to third order 



Using the formula (89) for the /3-function and exhibiting the factor ^ in the 
interaction, we get in lowest nontrivial order (rewriting everything in terms 
of the original notation for fields) 

V 3! y 287r3 3! 
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from which we read off the coupling constant renormahzation. Our result 
agrees with formula (3.4.64) in [33]; the negative sign exhibits asymptotic 
freedom. 



7.2 Renormalization group flow for the (/^^-interaction in 4 di- 
mensions 

As another example we study the 4>'^ interaction in 4 dimensions. We may 
restrict ourselves to renormalizations which respect the symmetry (f) ^ —(f>. 
The orbit in the renormalization group is contained in the subspace generated 
by {d(j))'^ and 1, where the constant terms can again be ignored. We 

are going to determine the renormalization goup flow completely, i.e. we will 
compute Bf,{^{g [cf)^] + aw? [cf?] + b[{d(t>f])). 

In second order in the interaction the following terms occur 

<p=0 
<p=0 

(<^(^)4 ^ = 5(2) (^(^)2 ^ (a<A(y))2) 1^^^ . 

The computation of the term sj^^ {4^{x)'^ <^ "/"(y)^) proceeds as in the 

(t>=0 

case of (taking now the explicit expression for Dp from (98)) and yields 



{<i>{xf®<i>{yf ) 
The term sj^^ (^(x)^ ® {d4>{y)f) 
(</.(x)2®(a0(2/))2) 



is of the form 



d{x - y) . 



(91) 



(aiU5{x -y) + bim?S{x - y)) 



Inserting this form into the expression for {ci>{xY®{d<p{y)f), one ob- 
serves that the term proportional to □(J produces a total derivative in the 
interaction Lagrangian and may therefore be ignored. The term of order 
arises from 

h5{x) = (x''{dxDF){x)d^-^HF,i,{m^ = 0)(x) 
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In c? = 4 dimensions we have 

d'J^Hp,,{m' = 0)(x) = J, 

and 

(both formulas can be read off from (98)), thus 



Q^2 ^.Mv-' "M--; 2*TT^x'^-iey 
and we are back to the case treated in Appendix C. We obtain 

—i 



The most interesting case is the contribution of Bj^ {(t>{x)^ (8) (piy)'^) 
We have 

5(2) (^(^)3 ^ cP{yf)\^^^ = P^/'l'jf, <fmx - y)) 

where tm{4>^-, 4>^) is an extension of ^'"^ whose jU-dependence is given in 

terms of t^{4?,4?), 

Cl*/*', <t>''){x, y) = 2hv{x - y)C(0', v) 
We compute for x / 

where R is regular and scales homogeneously. The scale dependence of the 
extensions to of Dp /SI is of the form treated in Appendix C and is given by 

The next leading term in is still singular. Its extension m^tj* is fi- 
dependent, where the /^-dependence as shown above is determined from the 
w? = contribution t2 of tm{4>^, 0^), 

We now compute the partial p-derivative (with fixed fi) of tj*. This is the di- 
vergence of x^t'^ which is the unique extension of ?i? (s^-^Fm("^^ ~ ^)(^ 
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Prom Appendix A (98) we get 

^2H'F,mim' = 0)(x) = ^,logi-Ax'-^e)) + FiO) , F(0) = 

We use 

— (x^ — ley 

and the fact that 

log(— /x^(x^ — ie) 



-□- 



— ie 



is an extension of 4 • (47r^)^L)i;'(x)^. ^2 is an extension of \ D'^p which we 
may parametrize by a real parameter r, 

- -- ^ log(-r^(x^-ie)) 

W'e also use ^^1^2=0 = wliicli results from (27,98). In {d^x^ — /^^)ii 
the two extensions cancel up to a multiple of a (5-function, and we finally 
obtain 

B(2)(0(x)3®<^(y)3)U=o = ih^[-:^^,U5{x-y) 

We conclude that the action of -6^^ on interaction classes is to second order 

given by 

In the argument of the /^-function we omit the [{dcj))'^]- and [0^]-term, 
since P is defined after having absorbed these terms by the wave function and 
mass renormalization. Using [lJ'-^{4>'^)fj,] = — 2/i [r„((0^)^)] = —2h[Tjj(j)^] = 
-j^m?[(f>'^] (see (27,98)) we obtain 

where the dots stand for terms of third or higher orders in g. From 
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we get a further [(?!)^]-term, which is of order g^. Note that if we apply the 
definition (89) of the /3- function to an interaction which is ~ [0^], we get a 
result which is ~ [(j)'^]. 



8 Conclusions 

Quantum field theory on generic curved backgrounds requires a revision of 
the standard methods of perturbative quantum field theory; in particular 
the dependence on the choice of a distinguished state (the "vacuum") would 
introduce an unwanted nonlocal feature and has to be avoided in order to 
remain in agreement with the principle of general covariance. This program 
could be successfully performed [5, 25, 26] by the use of the following ingre- 
dients: 

• Algebras of observables are directly constructed without a detour via 
expectation values in distinguished states. 

• Techniques of microlocal analysis replace momentum space techniques. 

• Dimension full parameters (e.g. the mass) are treated as expansion 
parameters. 

In the present paper we analyzed the consequences of this approach for 
standard quantum field theory and compared our formalism with other for- 
malisms, in particular with the method of renormalization by the flow equa- 
tion [34, 37]. 

The independence of the formalism on the choice of the mass required 
the replacement of the vacuum two point function by a so-called Hadamard 
function which differs from it by a smooth function of position. In even 
dimensions the Hadamard function depends on an additional mass parame- 
ter, whereas in odd dimensions it is unique. In particular it also exists in 2 
spacetime dimensions. 

The (off shell) observables were represented as functionals on a space of 
smooth field configurations. Several algebraic structures on the space of 
observables were introduced: The (classical) product by pointwise multi- 
plication, the (quantum) product as a *-product involving the Hadamard 
function and the time ordered product by which the interacting theory was 
constructed inside the (off shell) algebra of the free theory. Since all these 
algebraic structures involve only the functional derivatives of the observ- 
ables with respect to the field, the formalism is not restricted to polynomial 
functionals, as long as one remains in the realm of formal power series. 
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Renormalization in this framework consists in an extension of the time 
ordered product to the more singular local functionals for which we gave 
a new intrinsic definition. The extension can be done by the methods of 
the Stiickelberg-Bogoliubov-Epstein-Glaser approach [18], but is not unique. 
The nonuniqueness is described by a group of transformations on the space 
of local functionals, which is the renormalization group in the sense of Stiick- 
elberg and Petermann [41]. 

A comparison with the method of flow equations can be reached by ap- 
proximating the Hadamard function by a more regular family of functions 
labeled by a regularization parameter A. The effective potential as a func- 
tion of A can be defined and is shown to satisfy the flow equation. As a 
consequence of the existence of extensions in the sense of the Epstein-Glaser 
method it immediately follows that there exist appropriate counter terms 
which guarantee the convergence of the effective potentials. The somewhat 
cumbersome estimates in the flow equation method which up to now compli- 
cated a generalization of the method to generic Lorentzian spacetimes (see 
[31] for Minkowski space) are not required. Moreover, the choice of regu- 
larization is completely arbitrary. One may, in particular, make a specific 
choice of a parameter such that the effective potential becomes a meromor- 
phic function of it, with a possible pole at the removal of the cutoff. This 
might lead to explicit choices of extensions as e.g. minimal subtraction for 
dimensional regularization. 

Of particular interest is the behaviour of the theory under scaling. We 
found a purely algebraic analogue of the Callan-Symanzik equation, much 
in the spirit of the Buchholz-Verch approach to an intrinsic renormalization 
group within axiomatic algebraic quantum field theory [9], but technically 
quite different. As a matter of fact our analysis is completely free of any 
dependence on the mass of the theory. In standard perturbation theory 
a corresponding observation was made in the context of dimensional reg- 
ularization by Collins [10], but there the reasons for this effect remained 
mysterious. 

The Epstein-Glaser method relies on coupling constants which are test 
functions with compact support. This avoids all infrared problems during 
the construction but leads to the problem of the adiabatic limit in which the 
test functions approach constant functions. In general, all infrared problems 
now could reappear. But exploiting the method of the algebraic adiabatic 
limit [5] the construction of the algebra of observables can be done directly, 
and in this paper we show how this method can also be used to define 
the renormalization group and the beta function in the adiabatic limit. In 
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particular, the beta function turns out to be state independent (and, as noted 
previously [27], independent of the topological features of spacetime). 

We compared our findings with the standard definition of the beta func- 
tion, present explicit calculations within our framework for (pg and (/?| and 
obtain agreement with the literature. 

We did not yet enter a detailed comparison of our method with the BPHZ 
method and its modern version in terms of the Connes-Kreimer theory 
[11, 12]. In spite of the fact that both methods are known to be equiv- 
alent, the involved combinatorics of renormalization is quite different, and 
understanding the relations requires additional work. We hope to return to 
this problem in a future publication. 



Appendix A Determination of the Hadamard function H 

The Wightman 2-point function in d > 2 dimensions for > can be 
expressed in terms of modified Bessel functions 

A+(x) = (27r)-i m^/'-'\x'\'^K,/,_,{./^^\) (92) 

for spacelike arguments x. To obtain the Hadamard function, we have to 
add a smooth Lorentz invariant solution of the Klein-Gordon equation such 
that the sum is a smooth function of m^. Each Lorentz invariant solution F 
is for spacelike arguments of the form F(x) = \x'^\^ G{^/m^\x^) where G 
satisfies the modified Bessel equation of order d/2 — 1, 

G"iy) + ^G'iy) -(^1 + ^^^^ G(y) = . (93) 

The solutions of this differential equation are linear combinations either of 
Id_i{y) and -f^_d(y) (if d is odd) or of Id_-^{y) and i^d_^(y) (if d is even). 
In both cases smoothness in a; at x = then implies that F is a multiple 
of \x'^\^ I d _-^{^J m?'\x'^\) . Modified Bessel functions of noninteger order u 
satisfy the relation 

K, = -^^{I-u-Iu) . (94) 
2 sm UTi 

With that, in odd dimensions d, we obtain the unique Hadamard function 

Hm{x) = . ] (27r)^ m''/^-'\x^\"-^h_a/2{V^^\) (95) 

4sm(§-l)7r 

for < 0. Namely, since Ii/{y) is of the form y'^F{y'^) with an entire analytic 
function F, Hm is a smooth function of rn^ . 
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In even dimension d we introduce a parameter /x with the dimension of a 
mass and consider the family of functions 

n^'- 2-(d+z) 

4sm{'^ — IjTT 



«i+^)/2-i 1 ^ . ( (96) 



where < is assumed. The factor /j,^^ is needed in order that Hjrf{x) has 
the dimension [m*^"^] (as required for a 2-point function in d dimensions). For 
the same reasons as for (95), this 'dimensionally regularized Hadamard 

function' is smooth in m? and differs from l^m^'^^^^x) (i.e. (92) with d 
replaced by d+ z) by a smooth Lorentz invariant function which 'solves the 
Klein-Gordon equation in (d + z)-dimensions' (i.e. it solves (93) for {d + z)). 
By using (94) we express Ii-(^d+z)/2 in terms of I{d+z)/2-i and K^^d+z)/2-\- 
The limit z — > exists for the i^((|_|_2)/2-i-term and gives A^(x). But the 
-^(d+z)/2-i-term is meromorphic in z with a simple pole at z = 0. Since 
the residuum is smooth in m?' and, with respect to x, a smooth Lorentz 
invariant solution of the Klein-Gordon equation^ , we may subtract the pole 
term. Taking then the limit z — ^ we get the Hadamard function 



H^{x) = A+(x) + Azlll log 1^ m'/'-'\x'\'^Id/2-iiV^^\) (97) 
2(27r)2 ^ 

for < 0, which is unique up to the choice of the parameter /x. 

The values of H (any dimension) for arbitrary x and G IR are obtained 
by replacing jx^j by — (x^ — ix^O) and then by symmetrizing w.r.t. x. 

The corresponding Feynman propagator Hp is defined by 

H'^ix) = e{x^)H>'{x) + 0{-x'^)H^{-x) . 

We conclude that the explicit exression for Hp is obtained from (95) and 
(97), respectively, by replacing by — (x^ — iO): e.g. in even dimensions it 
results 

{2tT) 2 y2 ^ lib ^ / 



2 



, 2-d 



^Note that the residuum of H^'^ at a = is ~ |a;^| « I\-d/2{-\/ 'm?\x'^\) and, hence, 
not smooth in x. 
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where y = \J —vr^ix^ — iO). In the main text the following formulas are used 
for explicit computations in c/ = 4 and c? = 6 dimensions: 

-1 

47r2(x2 -iO) 

log(-/x2(x2 - iO)) m^f(m^x^) + m^F{m^x'^) , (98) 

1 m?'f{m?'x^) 
47r3(x2-z0)2 + 7r(x2-z0) 

- (log(-Ai2(a;2 - iO)) mV(m2a;2) + m^F'(m2x^)) , (99) 

TT 

where / and F are realvahied analytic functions. / and /' can be expressed 
in terms of the Bessel functions Ji and J2, respectively, namely 

^^'^ = 8^z -^'^^'^ ' = 2^ ' ^'^'^ = lei -^^^^^ ' 

and F is given by a power series 
^W = -4;^EW^ + l) + ^(^ + 2)}A^, F(0) = , (101) 

where C is Euler's constant and the Psi-function is related to the Gamma- 
function by ip{x) = r'(a;) /r(a;). 

Appendix B Additivity of Z 

In this Appendix we derive the additivity relation (52) of the renormalization 
group transformation Z under the assumption that Z satisfies the simple 
additivity relation Z{A + C) = Z{A) + Z(C) for supp^ n suppC = 0. We 
use the fact that Z{A + XB + C) is determined within perturbation theory by 
its derivatives with respect to A at A = 0. We prove that the nth derivative 
on both sides coincide for all n. 

Let A,B,CE: Aia^ with supp^flsuppC = 0. Prom Lemma 3.2 we conclude 
that B may be written as a sum of N > n terms, B = X^^^ Bi (where Bi G 
Aiac) such that all subsets / C {1, . . . ,N} with at most n elements admit a 
decomposition / = /i U /2, /i Pi /2 = such that (suppA U Uie/i ^^PP-^*) ^ 
(suppC U [j.^i^ snppBj) = 0. 

Let B{\) = Eili^i^i for = (Ai,...,A7v) G R^. We prove that for 
every multiindex a = (ai, . . . , a^) with |a| = X^^^ ai < n the derivative 

5^ {Z{A + B{X) + C) - Z{A + B{X)) + ZiB{X)) - Z{B{\) + C)) 



+ 



+ 
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vanishes at A = 0. Let I = {i G {1, . . . , N} \ ai / 0}. We choose a de- 
composition I = Ii + I2 as described above. Let -B/j (A) = ^.^g/^ AjSj and 
-B/2(A) = X]je/2 ^j^j- Then the derivative above does not change at A = 
when we replace B{X) by 5/i(A) + Bi^{X). Due to the assumed support 
properties we may now use the simple additivity relation and obtain the 
result that the derivative vanishes. This proves the claim. 



Appendix C Scaling violations of extensions of homogeneous 
distributions 

The position space renormalization relies crucially on the Theorem on the Ex- 
tension of Distributions. This theorem goes back to Epstein-Glaser [18] and 
Steinmann [39] and was generalized to differentiable manifolds by Brunetti 
and Predenhagen [5]. A refinement for almost homogeneous distributions 
was obtained by Hollands and Wald [26]. (CL also [22, 16].) 

Theorem C.l. Let to £ D'{R'^ \ {0}) such that {p^f pho{p 0=0 for 
some k E IN, Z G R. Then there exists an almost homogeneous distribution 
t G "D^W^) which coincides with to outside of the origin. If I < d or I ^ J-, 
t is unique and fulfills the scaling relation with the same power k as to- If 
I &d + INo, t satisfies the scaling condition 

(p^/^'Mp •) = o. 

Moreover, {p-^)^ p^t{p •)Ip=i — c{to)S, where c(to) is a homogeneous dif- 
ferential operator of order I — d which is independent of the choice of the 
extension t. 



Proof. The proof of the first part of the theorem may be found in the men- 
tioned literature, e.g. in [26]. The second statement follows from the fact 
that different extensions differ by a (Z — d)th derivative of the (5-function 
which is homogeneous of degree I and thus does not contribute to c{to). □ 



We now want to compute the scaling violations of extensions of homogeneous 
distributions for some typical examples (cf. e.g. [21]). We first recall fun- 
damental solutions of the Laplacian on the pseudo Riemannian spaces R''"'''*, 
s < d, d even and d > 2, with the metric g = diagonal (-1-1, . . . , -|-1, —1, . . . , — 1). 

Let = Etli^r-Eta-s+ii^')' and □ = ^tl aRF-Et.-.+i 
Then 
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Lemma C.2. 

0—-^—r^ = i'{2-d)\S<^-'\S{x) 

(x^ — ie) 2 

where IS"^"^! is the volume of the unit sphere in d dimensions. 



Proof. Let g be any constant Riemannian metric on R'^. Then 

d^^f^gg^^-d, = {2-d) IS'^-^I d{x) . 

{xi'x'^g^^)^-^ 

Let gi^i, = diagonal(l, . . . , 1, . . . , 2;). The left hand side is an analytic 

d—s s 

function of z outside of the negative real axis. We then take the limit z — > — 1 
in the lower halfplane and obtain y/detg = (— i)* and thus 



1 



i-iya— = {2-d) \s^-'\5{x) . 

□ 



The first example we want to treat is — 3-. This is a well defined dis- 

tribution outside of the origin. Let t be an almost homogeneous extension. 
Then 

p-^p'^t{px)\p=i = d^,{xH) . 

But x^t is an almost homogeneous extension of the distribution — 3- 
which has degree d—1, thus xH is unique. Moreover 



(x^ — ze) 2 2 d ^3,2 — i£^2 ^ 
Thus 

p^pH{px)\,=, = J—n—-^—r- = ilS'^-V(^) , (102) 



and we find 

/ 1 



(x^ — ie) 2 



i'\S'^-^\ 



To derive an explicit expression for an extension t we set u = (x^ — ie). 

d 

We have to find a distribution F{u) such that F{u) = u~2 . Due to 

O^F{u) = 2dF'{u)+AuF"{u) = -^{J F'{u)) 

u'i ^ du 
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the differential equation can easily be integrated: 

F'{u) = 



2 



A i 



where > is an integration constant. A further integration yields F{u) 
and we get the extension 

^ ^3,2 _ 2 

We now consider the distributions ^ j , , fc G DSI. Since these dis- 

tributions are invariant under the pseudo-orthogonal group 0{d ~ s, s), the 
differential operator characterizing the scaling violations of extensions must 
have the form 

/ 1 



Let tk be an extension of ^ ^ . We multiply both sides of the equation 

(x^—ie)'^ 

by {x'^)^. We have {x'^)''D''6{x) = (□'^(x^)^) 5. A straightforward calcula- 
tion shows 

(f-1)! 

On the left hand side the computation can be traced back to (102), 
thuscfe = i^|S'^-i|^^rT^"^^' 



22'=ifc!(f+ifc-l)! 
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